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Abstract. In this paper, we establish coincidence-like results in the case when the
values of the correspondences are not convex. In order to do this, we define a new
type of correspondences, namely properly quasi-convex-like. Further, we apply
the obtained theorems to solve equilibrium problems and to establish a minimax
inequality. In the last part of the paper, we study the existence of solutions for
generalized vector variational relation problems. Our analysis is based on the
applications of the KKM principle. We establish existence theorems involving
new hypothesis and we improve the results of some recent papers.
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1 Introduction
The aim of this paper is twofold: firstly, to establish a Fan type geometric
result and to apply it in order to obtain some coincidence-like theorems for
the case when the images of the correspondences are not convex. Further,
new theorems concerning the existence of solutions for equilibrium problems
are provided. This study also aims to investigate whether the class of mini-
max inequalities can be extended. In fact, we obtain a new general minimax
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inequality of the following type: infx∈Xsupy∈Y t(x, y) ≤
supy∈Y infz∈Z q(y,z)
infz∈Z supx∈X p(x,z)
.
Another recent result, due to the author, regarding minimax inequalities for
dicontinuous correspondences, is [27].
In this first part of the article, the originality consists of introducing a
new type of properly quasi-convex-like correspondences, which proved to
play an important role in our results. The method of proof is based on the
well known KKM property. There exists a large literature containing ap-
plications of the KKM property to coincidence theorems, equilibrium the-
orems, maximal element theorems and minimax inequalities. We refer the
reader, for instance, to M. Balaj [2], Lin, Ansari and Wu [18], Lin and Wan
[19] or Park [24].
Secondly, the paper explores how the KKM principle can promote new
more theorems which show the existence of solutions for some classes of
variational relation problems. We emphasize that, here, the method of ap-
plication of the KKM property is new and provides new hypotheses for our
resarch.
The rest of the article is organized as follows. In Section 2, we introduce
notations and preliminary results. In Section 3, a convex-type property for
correspondences is defined and some examples are given, as well. We use this
type of correspondences to obtain coincidence-like theorems, to solve vector
equilibrium problems and to establish a minimax inequality. In Section 4,
we apply the KKM principle to general vector variational relation problems
involving correspondences. Concluding remarks are presented in Section 5.
2 Preliminaries and notation
Throughout this paper, we shall use the following notations and definitions:
Let A be a subset of a vector space X , 2A denotes the family of all
subsets of A and coA denotes the convex hull of A. If A is a subset of a
topological space X, A denotes the closure of A in X .
If T , G : X → 2Y are correspondences, then coG and G∩T : X → 2Y are
correspondences defined by (coG)(x) :=coG(x) and (G ∩ T )(x) := G(x) ∩
T (x), for each x ∈ X , respectively.
Given a correspondence T : X → 2Y , for each x ∈ X, the set T (x) is
called the upper section of T at x. For each y ∈ Y, the set T−1(y) := {x ∈
X : y ∈ T (x)} is called the lower section of T at y. The correspondence
T−1 : Y → 2X , defined by T−1(y) = {x ∈ X : y ∈ T (x)} for y ∈ Y , is called
the (lower) inverse of T.
For A ⊂ X, let T (A) =
⋃
x∈A T (x).
If X is a nonempty set and Y is a topological space, the correspondence
T : X → 2Y is said to be transfer open-valued [31] if for any (x, y) ∈ X ×Y
with y ∈ T (x), there exists an x′ ∈ X such that y ∈intT (x′). T is said to
be transfer closed-valued [31] if for any (x, y) ∈ X × Y with y /∈ T (x), there
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exists an x′ ∈ X such that y /∈ T (x′). The correspondence T is transfer
closed-valued on X if and only if ([32]) ∩x∈XT (x) = ∩x∈XT (x).
Further, we present the following lemma (Propostion 1 in [17]).
Lemma 1 Let Y be a nonempty set, X be a topological space and T : X →
2Y be a correspondence. The following assertions are equivalent:
a) T−1 : Y → 2X is transfer open-valued and T has nonempty values;
b) X =
⋃
y∈Y intT
−1(y).
Notation We will denote by ∆n−1 the standard (n−1)-dimensional sim-
plex in Rn, that is,∆n−1 :=
{
(λ1, λ2, ..., λn) ∈ Rn :
n∑
i=1
λi = 1 and λi > 0, i = 1, 2, ..., n
}
.
Let C∗(∆n−1) := {g = (g1, g2, ..., gn) : ∆n−1 → ∆n−1 where gi is con-
tinuous, gi(1) = 1 and gi(0) = 0 for each i ∈ {1, 2, ..., n}}.
In [26], we introduced the concept of a weakly naturally quasi-concave
correspondence.
Let X be a nonempty convex subset of a topological vector space E and
Y a nonempty subset of a topological vector space Z. The correspondence
T : X → 2Y is said to be weakly naturally quasi-concave (WNQ) ([26]) if,
for each n ∈ N∗ and for each finite set {x1, x2, ..., xn} ⊂ X , there exists yi ∈
T (xi), (i = 1, 2, ..., n) and g ∈ C∗(∆n−1), such that
n∑
i=1
gi(λi)yi ∈ T (
n∑
i=1
λixi)
for every (λ1, λ2, ..., λn) ∈ ∆n−1.
We proved in [26] the following fixed point result.
Lemma 2 ( [26]) Let Y be a nonempty subset of a topological vector space
E, and K be a (n − 1)- dimensional simplex in E. Let T : K → 2Y be
an weakly naturally quasi-concave correspondence, and f : Y → K be a
continuous function. Then, there exists x∗ ∈ K such that x∗ ∈ f ◦ T (x∗).
Now, we recall the generalized KKM mappings, firstly introduced by
Park [23].
Let X be a convex subset of a linear space, let Y be a topological space
and T,G : X → 2Y be two correspondences. We call G a generalized KKM
mapping w.r.t. T if T (coA) ⊂ G(A) for each finite subset A of X. We say
that T has the KKM property if G is a generalized KKM mapping w.r.t.
T and the family {G(x) : x ∈ X} has the finite intersection property. We
denote KKM(X,Y ) = {T : X → 2Y : T has the KKM property}.
The following lemma is a particular case of Lemma 2.2 in [18].
Lemma 3 Let X be a topological space, Y be a convex set in a topological
vector space. Let T ∈ KKM(Y,X) be compact and G : Y → 2X be a
generalized KKM map w.r.t T. Then, T (Y ) ∩
⋂
y∈Y G(y) 6= ∅.
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Let X be a nonempty convex subset of a topological vector space E, Z
be a real topological vector space, Y be a subset of Z and C be a pointed
closed convex cone in Z with its interior intC 6= ∅. Let T : X → 2Z be
a correspondence with nonempty values. T is said to be (in the sense of
[[16], Definition 3.6]) type-(v) properly C−quasi-convex on X [13], if for
any x1, x2 ∈ X and λ ∈ [0, 1], either T (λx1 + (1 − λ)x2) ⊂ T (x1) − C or
T (λx1 + (1− λ)x2) ⊂ T (x2)− C.
3 Coincidence theorems and applications
There are many existed theorems that provide conditions on how to obtain
coincidence points for ”adequate” correspondences, that is, correspondences
which satisfy reasonable assumptions concerning the convexity of the images
and continuity. However, there is much less guidance available on how to
obtain similar results under constraints regarding these assumptions. This
section addresses such a challenge and the possible applications of a new
point of view to some classes of generalized vector equilibrium problems and
minimax inequalities.
3.1 Coincidence theorems and generalized vector equilibrium problems
In this subsection, we prove some generalized coincidence theorems for the
case when the images of the correspondences are not convex. We work with
new types of properly quasi-convex-like correspondences. By applying our
results, we obtain new theorems concerning the existence of solutions for
generalized vector equilibrium problems.
Now, we present the first result of this subsection. By using Lemma 2,
we establish Theorem 1.
Theorem 1 Let X be a simplex in a topological vector space E, let Y be a
Hausdorff space and T,G : X → 2Y be correspondences satisfying:
a) T is weakly naturally quasi-concave and compact;
b) for each y ∈ T (X), G−1(y) is convex;
c) T (X) = ∪x∈XIntG(x).
Then, there exists x∗ ∈ X such that T (x∗) ∩G(x∗) 6= ∅.
Proof Since T (X) is compact, assumption c) implies that there exists x1, x2, ..., xn ∈
X such that T (X) ⊂ ∪ni=1IntG(xi).We consider {λ1, λ2, ...λn} the partition
of unity corresponding to {intG(xi)}i=1,...,n..We denoteK =co{x1, x2, ...xn} ⊂
X and we define f : T (X)→ K by
f(y) =
∑n
i=1 λi(y)xi for each y ∈ T (X).
We note that λi(y) 6= ∅ if only if y ∈intG(xi) or, xi ∈ G−1(y).
The continuity of f is obvious and assumption 2) implies f(y) ∈co{xi :
xi ∈ G−1(y)} ⊂ G−1(y) for each y ∈ T (X).
According to Lemma 2, there exists x∗ ∈ X such that x∗ ∈ fT (x∗). In
addition, f−1(x∗) ⊂ G(x∗) and we obtain that T (x∗) ∩G(x∗) 6= ∅.
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We define the following type of correspondences.
Definition 1 Let X be a nonempty convex subset of a topological vector
space E and Y be a real topological vector space. Let T,G : X → 2Y
be correspondences with nonempty values. T is said to be properly quasi-
convex w.r.t. G on X, if for each n ∈ N, n ≥ 2, x1, x2, ..., xn ⊂ Y,
x ∈co{x1, x2, ..., xn}, there exists i0 ∈ {1, 2, ..., n} such that T (x) ⊂ G(xi0 ).
Example 1 Let S′+((0, 0), x) := {(u, v) ∈ [−1, 1]× [0, 1] : u
2 + v2 ≤ x2} and
S′−((0, 0), x) := {(u, v) ∈ [−1, 1]× [−1, 0] : u
2 + v2 ≤ x2}.
Let us define T,G : [0, 1]→ 2[−1,1]×[−1,1] by
T (x) :=
{
S′+((0, 0), x), if x ∈ [0, 1], x 6= 1/4;
S′−((0, 0), x), if x = 1/4;
and
G(x) :=
{
S′+((0, 0), x) ∪ {(x, x) : x ∈ [0, 1]}, if x ∈ [0, 1], x 6= 1/4;
S′−((0, 0), x) ∪ {(x, x) : x ∈ [−1, 0]}, if x = 1/4.
Then, T is properly quasi-convex w.r.t. G.
Remark 1 If T is properly quasi-convex and T (x) ⊆ G(x) for each x ∈ X,
then T is properly quasi-convex w.r.t. G.
Example 2 Let us define T,G : R→ 2R by
T (x) :=


(−∞, 4), if x ∈ (−∞, 2];
[x, 3) if x ∈ (2, 3);
(2,∞), if x ∈ [3,∞);
and
G(x) :=


(−∞, 5), if x ∈ (−∞, 2];
[x, 5] if x ∈ (2, 3);
(4,∞), if x ∈ [3,∞).
T is properly quasi-convex and T (x) ⊆ G(x) for each x ∈ R. Then, T is
properly quasi-convex w.r.t. G.
Example 3 shows that it is not necessary that all images of the corre-
spondences T to be included in the images of the correspondence G.
Example 3 Let us define T,G : [2, 3]→ 2R by
T (x) :=


(3,∞), if x = 2;
[x, 3) if x ∈ (2, 3);
(−∞, 5), if x = 3;
and
G(x) :=


(−∞, 4), if x = 2;
[x, 3] if x ∈ (2, 3);
(2,∞), if x = 3.
Then, T is properly quasi-convex w.r.t. G.
Remark 2 If T : X → 2Y is properly quasi-convex w.r.t. G : X → 2Y , then,
G is a generalized KKM map w.r.t T.
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In order to show this assertion, we consider {x1, x2, ..., xn} ⊂ X.We want
to prove that T (x) ⊂ ∪ni=1G(xi) for each x ∈co{x1, x2, ..., xn}. Suppose, to
the contrary, that there exist y∗ ∈co{x1, x2, ..., xn} and y
∗ ∈ T (x∗) such
that y∗ /∈ ∪ni=1G(xi). Then, y
∗ /∈ G(xi) for each i ∈ {1, 2, ..., n} and T is
not properly quasi-convex w.r.t. G.
The T -properly quasi-convex sets are introduced below.
Definition 2 Let X be a topological space, Y be a convex set in a topological
vector space. Let T : Y → 2X and A ⊆ X × Y. The set A is said to
be T -properly quasi-convex if for each n ∈ N, n ≥ 2, y1, y2, ..., yn ∈ Y,
y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that
(x, yi0) ∈ A.
Example 4 Let us define T : [0, 2]→ 2[−1,1] by
T (y) :=
{
1, if x ∈ [0, 2], x 6= 1;
−1, if x = 1
and
A := {(0, v) : y ∈ [0, 1) ∪ (1, 2)} ∪ {(x, x) : x ∈ [0, 1)} ∪ {(x, x − 2) : x ∈
[0, 1)} ∪ {(−1, 1)}.
A is T -properly quasi-convex.
We emphasize the relation between T -properly quasi-convex sets and
T -properly quasi-convex correspondences.
Remark 3 We note that if A is T -properly quasi-convex and if we define
G : X → 2Y by G(x) = {y ∈ Y : (x, y) ∈ A} for each x ∈ X, then, T is
properly quasi-convex w.r.t. G−1.
Example 5 In the above example, G : X → 2Y is defined by
G(x) = {y ∈ Y : (x, y) ∈ A} =


[0, 1) ∪ (1, 2) if x = 1;
{(x, x)} ∪ {(x, x− 2)} if x ∈ [0, 1);
{1} if x = −1
and
G−1 : Y → 2X is defined by
G−1(y) = {x ∈ Y : (x, y) ∈ A} =


{1} ∪ {y} if y ∈ [0, 1);
{1} ∪ {2− y} if y ∈ (1, 2];
{−1} if y = 1.
Then, T is properly quasi-convex w.r.t. G−1.
A generalization of T -properly quasi-convex sets is introduced now.
Definition 3 Let X be a topological space, Y be a convex set in a topological
vector space. Let T : Y → 2X , Q : Y → 2Y and A ⊆ X × Y. The set A
is said to be T -properly quasi-convex with respect to Q if, for each n ∈ N,
n ≥ 2, y1, y2, ..., yn ∈ Y, y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists
i0 ∈ {1, 2, ..., n} such that (x, z) ∈ A for each z ∈ Q(yi0).
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We note that if A is T -properly quasi-convex with respect to Q and if
we define G : X → 2Y by G(x) = {y ∈ Y : P (x) ∩ Q(y) = ∅}, where
P (x) = {y ∈ Y : (x, y) /∈ A} for each x ∈ X, then, T is properly quasi-
convex w.r.t. G−1.
Theorem 2 is a Fan type geometric result involving T -properly quasi-
convex sets.
Theorem 2 Let X be a topological space, Y be a convex set in a topological
vector space and let T ∈ KKM(Y,X) be compact. Let A ⊆ X×Y satisfying
the following conditions:
a) A is T -properly quasi-convex;
b) the correspondence G : X → 2Y , defined by G(x) = {y ∈ Y : (x, y) ∈ A}
for each x ∈ X, is such that G−1 is transfer closed-valued.
Then, there exists x∗ ∈ T (Y ) such that (x∗, y) ∈ A for all y ∈ Y.
Proof According to Remarks 2 and 3, G−1 is a generalized KKM map w.r.t
T. Hence, we can apply Lemma 3 and we obtain that T (Y )∩
⋂
y∈Y G
−1(y) 6=
∅. Consequently, there exists x∗ ∈ T (Y ) such that (x∗, y) ∈ A for all y ∈ Y.
We give an example to illustrate the usage of Theorem 2.
Example 6 Let us define T : [0, 2]→ 2[−1,1] by
T (y) :=
{
1, if x ∈ [0, 2], x 6= 1;
−1, if x = 1
and
A := {(0, v) : y ∈ [0, 2]} ∪ {(x, x) : x ∈ [0, 1)} ∪ {(x, x − 2) : x ∈
[0, 1)} ∪ {(−1, 1)}.
A is T -properly quasi-convex.
G−1 : [0, 2]→ 2[−1,1] is defined by
G−1(y) = {x ∈ [−1, 1] : (x, y) ∈ A} =


{1} ∪ {y} if y ∈ [0, 1);
{1} ∪ {2− y} if y ∈ (1, 2];
{−1} ∪ {1} if y = 1.
G−1 is transfer closed-valued.
Then, there exists x∗ = 1 ∈ [−1, 1] such that (x∗, y) ∈ A for all y ∈ [0, 2].
Theorem 3 is a Fan type geometric result involving T -properly quasi-
convex sets with respect to Q.
Theorem 3 Let X be a topological space, Y be a convex set in a topological
vector space and let T ∈ KKM(Y,X) be compact. Let A ⊆ X×Y satisfying
the following conditions:
a) A is T -properly quasi-convex with respect to Q : Y → 2Y ;
b) the correspondence G : X → 2Y , defined by G(x) = {y ∈ X : P (x) ∩
Q(y) = ∅} for each x ∈ X, where P (x) = {y ∈ Y : (x, y) /∈ A} for each
x ∈ X, is such that G−1 is transfer closed-valued.
Then, there exists x∗ ∈ T (Y ) such that (x∗, z) ∈ A for all z ∈ Q(Y ).
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Proof According to Remarks 2 and 3, G−1 is a generalized KKM map w.r.t
T. Hence, we can apply Lemma 3 and we obtain that T (Y )∩
⋂
y∈Y G
−1(y) 6=
∅. Consequently, there exists x∗ ∈ T (Y ) such that (x∗, z) ∈ A for all z ∈
Q(Y ).
Now, we obtain a coincidence-like result, for the case when the convexity
of the images of the correspondence P is missing.
Theorem 4 Let X be a topological space and Y be a convex set in a topo-
logical vector space. Let T ∈ KKM(Y,X) be compact. Let P : X → 2Y be
a correspondence such that X = ∪y∈Y IntP
−1(y). Then, there exist n ∈ N,
n ≥ 2, B = {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n} and x
∗ ∈ T (y∗), such
that y∗i ∈ P (x
∗) for each i ∈ {1, 2, ..., n}.
Proof Suppose, to the contrary, that for each n ∈ N, n ≥ 2, y1, y2, ..., yn ⊂ Y,
y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that
yi0 /∈ P (x). Then, (x, yi0) ∈ A, where A = {(x, y) ∈ X×Y : (x, y) /∈GrP} ⊆
X × Y. If we define G : X → 2Y by G(x) = {y ∈ Y : (x, y) ∈ A} =
{y ∈ Y : y /∈ P (x)}, we can prove that G−1 is transfer closed-valued.
In order to do this, we notice that the assumption X = ∪y∈Y IntP−1(y)
and Lemma 1 imply that P−1 is transfer open-valued and P is nonempty
valued. The relation between the correspondences P and G leads us to
the conclusion that G−1 is transfer closed-valued. By applying Theorem 2,
we obtain that there exists x∗ ∈ T (Y ) such that (x∗, y) ∈ A for all y ∈ Y.
Consequently, P (x∗) = ∅, which is a contradiction. Hence, there exist n ∈ N,
n ≥ 2, {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n} and x
∗ ∈ T (y∗), such that
y∗i ∈ P (x
∗) for each i ∈ {1, 2, ..., n}.
Remark 4 If P (x∗) is convex, then, y∗ ∈ P (x∗) and we obtain a coincidence
theorem.
We are establishing the following coincidence-like theorem.
Theorem 5 Let X be a topological space and Y be a convex set in a topo-
logical vector space. Let T ∈ KKM(Y,X) be compact. Let P : X → 2Y be a
nonempty valued, lower semicontinuous correspondence and let Q : X → 2Y
be open valud, such that, for each x ∈ X, there exists y ∈ Y such that
P (x) ∩ Q(y) 6= ∅. Then, there exist n ∈ N, n ≥ 2, B = {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y,
y∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n} and x
∗ ∈ T (y∗), such that Q(y∗i )∩P (x
∗) 6= ∅ for each
i ∈ {1, 2, ..., n}.
Proof Suppose, to the contrary, that for each n ∈ N, n ≥ 2, y1, y2, ..., yn ⊂ Y,
y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that for
each z ∈ Q(yi0), z /∈ P (x). Then, for each n ∈ N, n ≥ 2, y1, y2, ..., yn ∈ Y,
y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that
(x, z) ∈ A for each z ∈ Q(yi0), where A = {(x, y) ∈ X×Y : (x, y) /∈GrP} ⊆
X × Y.
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If we define G : X → 2Y by G(x) = {y ∈ Y : P (x) ∩ Q(y) = ∅} for
each x ∈ X, we can prove that G−1 is transfer closed-valued. Y \G−1(y) =
{x ∈ X : P (x) ∩ Q(y) 6= ∅} is open. Then, G−1(y) is closed. By applying
Theorem 3, we obtain that there exists x∗ ∈ T (Y ) such that (x∗, y) ∈ A for
all y ∈ Q(Y ). Consequently, P (x∗) ∩ Q(Y ) = ∅, which is a contradiction.
Hence, there exist n ∈ N, n ≥ 2, {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n}
and x∗ ∈ T (y∗), such that Q(y∗i ) ∩ P (x
∗) 6= ∅ for each i ∈ {1, 2, ..., n}.
Theorem 4 can be generalized in the following way.
Theorem 6 Let X be a topological space and Y be a convex set in a topo-
logical vector space. Let T ∈ KKM(Y,X) be compact. Let P : X → 2Y
and Q : X → 2Y be correspondences such that P is nonempty valued and
X = ∪y∈Y Int(G′)−1(y), where G′ : X → 2Y is defined by G′(x) = {y ∈
Y : P (x) ∩ Q(y) 6= ∅} for each x ∈ X. Then, there exist n ∈ N, n ≥ 2,
B = {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n} and x
∗ ∈ T (y∗), such that
Q(y∗i ) ∩ P (x
∗) 6= ∅ for each i ∈ {1, 2, ..., n}.
Proof Suppose, to the contrary, that for each n ∈ N, n ≥ 2, y1, y2, ..., yn ⊂ Y,
y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that for
each z ∈ Q(yi0), z /∈ P (x). Then, for each n ∈ N, n ≥ 2, y1, y2, ..., yn ∈ Y,
y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that
(x, z) ∈ A for each z ∈ Q(yi0), where A = {(x, y) ∈ X×Y : (x, y) /∈GrP} ⊆
X × Y.
If we define G : X → 2Y by G(x) = {y ∈ Y : P (x) ∩Q(y) = ∅}, we can
prove that G−1 is transfer closed-valued. In order to do this, we notice that
the assumption X = ∪y∈Y IntG′−1(y) and Lemma 1 imply that (G′)−1 is
transfer open-valued. The relation between the correspondences G′ and G
leads us to the conclusion that G−1 is transfer closed-valued. By applying
Theorem 2, we obtain that there exists x∗ ∈ T (Y ) such that (x∗, y) ∈ A
for all y ∈ Y. Consequently, P (x∗) = ∅, which is a contradiction. Hence,
there exist n ∈ N, n ≥ 2, {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n} and
x∗ ∈ T (y∗), such that Q(y∗i ) ∩ P (x
∗) 6= ∅ for each i ∈ {1, 2, ..., n}.
An application of Theorem 4 is provided in order to establish an exis-
tence result for solutions of a generalized vector equilibrium problem.
We consider the following generalized vector equilibrium problem:
Let X be a topological space, Y be a convex set in a topological vector
space and let Z be a topological vector space. We consider a correspondence
C : X → 2Z such that, for each x ∈ X, C(x) is a closed and convex cone
with intC(x) 6= ∅. Let F : X × Y → 2Z\{∅}.
Find x∗ ∈ X such that F (x∗, y) * −intC(x∗) for each y ∈ Y.
The correspondence P will be needed in our proof. Let P : X → 2Y be
defined by P (x) = {y ∈ Y : F (x, y) ⊆ −intC(x)} for each x ∈ X .
We are ready to prove Theorem 7.
Theorem 7 Let X be a topological space, Y be a convex set in a topological
vector space and let Z be a topological vector space. Let T ∈ KKM(Y,X)
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such that, for each compact subset A of Y, T (A) is compact. Let F : X×Y →
2Z\{∅} and C : X → 2Z such that, for each x ∈ X, C(x) is a pointed, closed
and convex cone with intC(x) 6= ∅. Assume that:
a) T is properly quasi-convex w.r.t. G, where G : X → 2Y is defined by
G(x) = {y ∈ Y : F (x, y) * −intC(x)} for each x ∈ X ;
b) X = ∪y∈Y IntP−1(y).
Then, there exists x∗ ∈ X such that F (x∗, y) * −intC(x∗) for each
y ∈ Y.
Proof Suppose, to the contrary, that the considered equilibrium problem
does not have any solutions. It follows that the correspondence P has
nonempty values. According to Theorem 4, there exist n ∈ N, n ≥ 2,
{y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n} and x
∗ ∈ T (y∗), such that y∗i ∈
P (x∗) for each i ∈ {1, 2, ..., n}. Then, y∗i /∈ G(x
∗) for each i ∈ {1, 2, ..., n}
and, consequently, T is not properly quasi-convex w.r.t. G. This fact con-
tradicts a).
Theorem 8 Let X be a topological space, Y be a convex set in a topological
vector space and let Z be a topological vector space. Let T ∈ KKM(Y,X)
such that, for each compact subset A of Y, T (A) is compact. Let F : X×Y →
2Z\{∅} and C : X → 2Z such that, for each x ∈ X, C(x) is a pointed, closed
and convex cone with intC(x) 6= ∅. Assume that:
a) T is properly quasi-convex w.r.t. G, where G : X → 2Y is defined by
G(x) = {y ∈ Y : F (x, y) * −intC(x)} for each x ∈ X ;
b) for each x ∈ X, F (·, y) : x→ 2Z\{∅} is u.s.c. with nonempty compact
values and the map W : X → 2Z defined by W (x) = Z\(-intC(x)) is u.s.c;
c) for each x ∈ X, there exists y ∈ Y such that F (x, y) ⊆ −intC(x).
Then, there exists x∗ ∈ X such that F (x∗, y) * −intC(x∗) for each
y ∈ Y.
Proof We will prove that for each y ∈ Y, P−1(y) is open. In order to prove
this, we consider x ∈ X\P−1(y) and a net {xα}α∈Λ in X\P−1(y) such that
xα → x. Since xα ∈ X\P−1(y) for each α ∈ Λ, we have that F (xα, y) *
−intC(xα). Then, for each for each α ∈ Λ, there exists zα ∈ F (xα, y) such
that zα ∈ Z\(-intC(xα)). Assumption b) implies that z ∈ F (x, y) and z ∈
Z\(−intC(xα)), that is, F (x, y) * −intC(x). Consequently, x ∈ X\P−1(y).
This shows that X\P−1(y) is closed and P−1(y) is open for each y ∈ Y.
Assumption c) implies that for each x ∈ X, P (x) is nonempty. According
to Lemma 1, X = ∪y∈Y IntP−1(y) and we can use Theorem 7 in order to
obtain the conclusion.
Now, by applying Lemma 3, we derive the following coincidence-like
theorem.
Theorem 9 Let X be a topological space, Y be a convex set in a topological
vector space and Z be a nonempty set.
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Let P : X → 2Z , Q : Y → 2Z and T : Y → 2X be correspondences
satisfying the following assumptions :
a) there exists y0 ∈ Y such that P (x) ∩Q(y0) 6= ∅ for each x ∈ X ;
b) T ∈ KKM(Y,X) is compact.
Then, there exist n ∈ N, n ≥ 2, B = {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈co{y∗1 , y
∗
2 , ..., y
∗
n}
and x∗ ∈ T (y∗), such that P (x∗) ∩Q(y∗i ) 6= ∅ for each i ∈ {1, 2, ..., n}.
Proof Suppose, to the contrary, that for each n ∈ N, n ≥ 2, y1, y2, ..., yn ⊂
Y, y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that
Q(yi0) ∩ P (x) = ∅. Then, for each y1, y2, ..., yn ⊂ Y, y ∈co{y1, y2, ..., yn},
there exists i0 ∈ {1, 2, ..., n} such that T (y) ⊂ G(yi0), where G : Y → 2
X
is defined by G(y) = {x ∈ X : P (x) ∩ Q(y) = ∅} for each y ∈ Y. We note
that T is properly quasi-convex w.r.t. G.
We claim that G is generalized KKM w.r.t. T . In order to prove this, let
us suppose, to the contrary, that there exist B = {y∗1 , y
∗
2 , ..., y
∗
n} and x
∗ ∈
T (coB)\
⋃
y∗∈B G(y
∗). Then, there exists y∗ ∈coB and x∗ ∈ T (y∗). Since T
is properly quasi-convex w.r.t. G, we have that there exists i0 ∈ {1, 2, ..., n}
such that T (y∗) ⊂ G(y∗i0), that is, P (x
∗)∩Q(y∗i0) = ∅. Further, we have that
x∗ /∈
⋃n
i=1G(y
∗
i ). Therefore, P (x
∗) ∩ Q(y∗i ) 6= ∅ for each i ∈ {1, 2, ..., n},
which contradicts the last assertion. Consequently, G is generalized KKM
w.r.t. T .
According to Lemma 3, there exists x∗ ∈
⋂
y∈Y G(y). Obviously, x
∗ ∈
G(y) for each y ∈ Y and then, for each y ∈ Y, there exists a neighborhood
V y of x∗ such that V y ∩ G(y) 6= ∅. It follows that for each y ∈ Y, there
exists xy such that xy ∈ G(y), that is, P (xy)∩Q(y) = ∅, which contradicts
assumption a).
Theorem 10 is a consequence of Theorem 9. It generalizes some results
concerning the existence of the maximal elements.
Theorem 10 Let X be a topological space, Y be a convex set in a topological
vector space and Z be a nonempty set.
Let P : X → 2Z , Q : Y → 2Z and T : Y → 2X be correspondences
satisfying the following assumptions :
a) T is properly quasi-convex w.r.t. G, where G : Y → 2X is defined by
G(y) = {x ∈ X : P (x) ∩Q(y) = ∅} for each y ∈ Y.
b) T ∈ KKM(Y,X) is compact.
Then, for each y ∈ Y, there exists xy0 such that P (x
y
0) ∩Q(y) = ∅.
Proof Suppose, to the contrary, that the conclusion of the theorem does not
hold. Therefore, there exists y0 ∈ Y such that P (x)∩Q(y0) 6= ∅ for each x ∈
X and then, assumption a) of Theorem 9 is fulfilled. By applying Theorem
9, we obtain that there exist n ∈ N, n ≥ 2, B = {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y ∈coB
and x∗ ∈ T (y∗), such that P (x∗)∩Q(y∗i ) 6= ∅ for each i ∈ {1, 2, ..., n}, which
contradicts a).
Remark 5 If Q(y) = Z for each y ∈ Y, then Theorem 10 asserts the existence
of the maximal elements of the correspondence T.
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Now, we consider the following generalized vector equilibrium problem:
Let X be a topological space, Y be a convex set in a topological vector
space and Z be a topological vector space.
Let F : X × Z → 2Z\{∅}, Q : Y → 2Z and C : X → 2Z such that, for
each x ∈ X, C(x) is a pointed, closed and convex cone with intC(x) 6= ∅.
Let F : X × Z → 2Z\{∅}, Q : Y → 2Z and C : X → 2Z such that, for each
x ∈ X, C(x) is a pointed, closed and convex cone with intC(x) 6= ∅.
Then, for each y ∈ Y, find x∗ ∈ X such that F (x∗, z) * −intC(x∗) for
each z ∈ Q(y).
The correspondence P will be needed in our proof. We define P : X →
2Z by P (x) = {z ∈ Z : F (x, z) ⊆ −intC(x)} for each x ∈ X .
Theorem 11 concerns the existence of solutions for the above generalized
vector equilibrium problem.
Theorem 11 Let X be a topological space, Y be a convex set in a topological
vector space and Z be a topological vector space. Let T ∈ KKM(Y,X) such
that, for each compact subset A of Y, T (A) is compact. Let F : X × Z →
2Z\{∅}, Q : Y → 2Z and C : X → 2Z such that, for each x ∈ X, C(x)
is a pointed, closed and convex cone with intC(x) 6= ∅. Assume that T is
properly quasi-convex w.r.t. G, where G : Y → 2X is defined by G(y) =
{x ∈ X : P (x) ∩Q(y) = ∅} for each y ∈ Y .
Then, for each y ∈ Y, there exists x∗ ∈ X such that F (x∗, z) * −intC(x∗)
for each z ∈ Q(y).
Proof According to Theorem 10, for each y ∈ Y, there exists x∗ such that
P (x∗)∩Q(y) = ∅, that is, for each y ∈ Y, there exists x∗ such that R(x∗, y) =
{z ∈ Q(y) : F (x∗, z) ⊆ −intC(x∗)} = ∅.
Consequently, for each y ∈ Y, there exists x∗ ∈ X such that F (x∗, z) *
−intC(x∗) for each z ∈ Q(y).
A new coincidence-like theorem can be proved under new assumptions.
Theorem 12 Let X be a topological space, Y be a convex set in a topological
vector space and Z be a nonempty set.
Let P : X → 2Z , Q : Y → 2Z and T : Y → 2X be correspondences
satisfying the following assumptions :
a) for each x ∈ X, there exists y ∈ Y such that P (x) ∩Q(y) 6= ∅;
b) for each x ∈ X and y ∈ Y such that P (x) ∩ Q(y) 6= ∅, there xists
y′ ∈ Y and a neighborhood U of x such that P (x′) ∩ Q(y′) 6= ∅ for each
x′ ∈ U ;
c) T ∈ KKM(Y,X) is compact.
Then, there exist n ∈ N, n ≥ 2, B = {y∗1 , y
∗
2 , ..., y
∗
n} ⊂ Y, y
∗ ∈coB and
x∗ ∈ T (y∗), such that P (x∗) ∩Q(y∗i ) 6= ∅ for each i ∈ {1, 2, ..., n}.
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Proof Suppose, to the contrary, that for each n ∈ N, n ≥ 2, y1, y2, ..., yn ⊂
Y, y ∈co{y1, y2, ..., yn} and x ∈ T (y), there exists i0 ∈ {1, 2, ..., n} such that
Q(yi0) ∩ P (x) = ∅. Then, for each y1, y2, ..., yn ⊂ Y, y ∈co{y1, y2, ..., yn},
there exists i0 ∈ {1, 2, ..., n} such that T (y) ⊂ G(yi0), where G : Y → 2
X
is defined by G(y) = {x ∈ X : P (x) ∩ Q(y) = ∅} for each y ∈ Y. We note
that T is properly quasi-convex w.r.t. G.
We claim that G is generalized KKM w.r.t. T . In order to prove this,
let us suppose, to the contrary, that there exist n ∈ N, n ≥ 2, B =
{y∗1 , y
∗
2 , ..., y
∗
n} and x
∗ ∈ T (coB)\
⋃
y∗∈B G(y
∗). Then, there exists y∗ ∈coB
and x∗ ∈ T (y∗). Since T is properly quasi-convex w.r.t. G, we have that
there exists i0 ∈ {1, 2, ..., n} such that T (y
∗) ⊂ G(y∗i0 ), that is, P (x
∗) ∩
Q(y∗i0) = ∅. Further, we have that x
∗ /∈
⋃n
i=1G(y
∗
i ). Therefore, P (x
∗) ∩
Q(y∗i ) 6= ∅ for each i ∈ {1, 2, ..., n}, which contradicts the last assertion.
Consequently, G is generalized KKM w.r.t. T .
According to Lemma 3, there exists x∗ ∈
⋂
y∈Y G(y). Assumption b)
implies that G is transfer closed-valued and then, x∗ ∈
⋂
y∈Y G(y). It follows
that P (x∗) ∩Q(y) = ∅ for each y ∈ Y, which contradicts a).
Theorem 13 is a consequence of Theorem 12. It generalizes some results
concerning the existence of the maximal elements.
Theorem 13 Let X be a topological space, Y be a convex set in a topological
vector space and Z be a nonempty set.
Let P : X → 2Z , Q : Y → 2Z and T : Y → 2X be correspondences
satisfying the following assumptions :
a) T is properly quasi-convex w.r.t. G, where G : Y → 2X is defined by
G(y) = {x ∈ X : P (x) ∩Q(y) = ∅} for each y ∈ Y.
b) T ∈ KKM(Y,X) is compact.
Then, there exists x0 such that P (x0) ∩Q(y) = ∅ for each y ∈ Y.
Proof Suppose, to the contrary, that the conclusion of the theorem does
not hold. Therefore, for each x ∈ X, there exists y0 ∈ Y such that P (x) ∩
Q(y0) 6= ∅ and then, assumption a) of Theorem 12 is fulfilled. By applying
Theorem 12, we obtain that there exist n ∈ N, n ≥ 2, B = {y∗1 , y
∗
2 , ..., y
∗
n} ⊂
Y, y∗ ∈coB and x∗ ∈ T (y∗), such that P (x∗) ∩ Q(y∗i ) 6= ∅ for each i ∈
{1, 2, ..., n}, which contradicts a).
Remark 6 If Q(y) = Z for each y ∈ Y, then Theorem 13 asserts the existence
of the maximal elements of the correspondence T.
3.2 A minimax inequality
The classical Ky Fan’s minimax inequalities [9]-[11] have played an im-
portant role in the study of modern nonlinear analysis. This subsection is
devoted to the research of a generalized Ky Fan minimax inequality for
vector-valued functions.
First, we prove the following interesting theorem.
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Theorem 14 Let X be a topological space, Y and Z be convex sets in topo-
logical spaces, p : X × Z → R, q : X × Z → R, q : X × Y → R functions
and α, β, λ real numbers. Suppose that the following conditions are fulfilled:
a) p is transfer upper semicontinuous in x ;
b) for each x ∈ X, y1, y2, ..., yn ∈ Y, y ∈co{y1, y2, ..., yn} if t(x, y) ≥ λ,
then there exists i0 ∈ {1, 2, ..., n} such that t(x, yi0) ≥ λ;
c) for each x ∈ X, y ∈ Y and z ∈ Z, if t(x, y) ≥ λ, then p(x, z) < α
and q(y, z) > β;
d) for each x ∈ X and z ∈ Z such that p(x, z) < α, there exists y ∈ Y
such that q(y, z) < β;
e) there exists a compact subset K of X such that for each x ∈ X\K,
t(x, y) < λ for all y ∈ Y ;
f) the map T : Y → 2X , defined by T (y) = {x ∈ X : t(x, y) ≥ λ} for
each y ∈ Y, has the KKM property.
Then, for each y ∈ Y, there exists x0 ∈ X such that for z ∈ Z with the
property that q(y, z) < β, it is true that p(x0, z) ≥ α.
Proof We start the proof by defining the correspondences P : X → 2Z ,
Q : Y → 2Z and T : Y → 2X by
P (x) = {z ∈ Z : p(x, z) < α}, Q(y) = {z ∈ Z : q(y, z) < β} and
T (y) = {x ∈ X : t(x, y) ≥ λ} for each x ∈ X, respectively y ∈ Y.
According to assumption e), T (Y ) ⊂ K. It follows that T is a compact
correspondence. In addition, according to assumption d), T has the KKM
property.
We claim that T is properly quasi-convex w.r.t. G, where G : Y → 2X
is defined by G(y) = {x ∈ X : P (x) ∩Q(y) = ∅} for each y ∈ Y.
In order to prove this, let us consider y1, y2, ..., yn ∈ Y, y ∈co{y1, y2, ..., yn}
and x ∈ T (y). Then, t(x, y) ≥ λ.
Assumption b) implies that there exists i0 ∈ {1, 2, ..., n} such that
t(x, yi0) ≥ λ. Further, assumption c) holds and we conclude that for each
z ∈ Z, p(x, z) < α and q(yi0 , z) > β, that is, P (x) ∩ Q(yi0) = ∅. There-
fore, x ∈ G(yi0 ), which implies that there exists i0 ∈ {1, 2, ..., n} such that
T (xλ) ⊂ G(yi0 ). We proved that T is properly quasi-convex w.r.t. G.
Based on assumptions a) and d), we conclude that G is transfer closed-
valued.
All assumptions of Theorem 13 are fulfilled. By applying this result, we
obtain that there exists x0 ∈ X such that P (x0)∩Q(y) = ∅ for each y ∈ Y.
Consequently, there exists x0 ∈ X such that for each y ∈ Y and zy ∈ Z
with the property that q(y, zy) < β, it is true that p(x0, z
y) ≥ α.
Theorem 15 is a consequence of Theorem 14.
Theorem 15 Let X be a topological space, Y and Z be convex sets in topo-
logical spaces and let p : X × Z → R+, q : X × Z → R+, q : X × Y → R+
be functions. Suppose that the following conditions are fulfilled:
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a) p is transfer upper semicontinuous in x ;
b) for each x ∈ X, y1, y2, ..., yn ∈ Y, y ∈co{y1, y2, ..., yn}, if t(x, y) ≥ λ,
then there exists i0 ∈ {1, 2, ..., n} such that t(x, yi0) ≥ λ;
c) for each x ∈ X and z ∈ Z such that p(x, z) < α, there exists y ∈ Y
such that q(y, z) < β;
d) for each x ∈ X, y ∈ Y and z ∈ Z, t(x, y) ≤ q(y,z)
p(x,z) ;
e) for each λ <inf x∈Xsupy∈Y t(x, y), the map T : Y → 2X , defined by
T (y) = {x ∈ X : t(x, y) ≥ λ} for each y ∈ Y, has the KKM property.
Then, inf x∈Xsupy∈Y t(x, y) ≤
supy∈Y infz∈Z q(y,z)
infz∈Z supx∈X p(x,z)
.
Proof Let us suppose that the conclusion does not hold. Hence, infx∈Xsupy∈Y t(x, y) >
supy∈Y infz∈Z q(y,z)
infz∈Z supx∈X p(x,z)
.
The constants α, β, λ ∈ R+ can be chosen such that infx∈Xsupy∈Y t(x, y) >
λ, supy∈Y infz∈Z q(y, z) < β, infz∈Z supx∈X p(x, z) > α and λ >
β
α
.
We claim that condition c) of the above theorem is fulfilled. Indeed, let
x ∈ X, y ∈ Y such that t(x, y) ≥ λ > β
α
. According to assumption d) of
Theorem 14, q(y,z)
p(x,z) >
β
α
for each z ∈ Z. Then, there exists ε > 0 such that
p(x, z) < αε and q(y, z) > βε for each z ∈ Z.
All assumptions of Theorem 14 are fulfilled. By applying this result, we
obtain that there exists x0 ∈ X such that for each y ∈ Y and for zy ∈ Z
with the property that q(y, zy) < βε, it is true that p(x0, z
y) ≥ αε.
Therefore, there exists x0 ∈ X such that for each y ∈ Y there exists zy
with the property that t(x0, y) <
q(y,zy)
p(xy
0
,zy)
< βε
αε
= β
α
< λ. It follows that
infx∈Xsupy∈Y t(x, y) ≤ λ, which contradicts the choice of λ.
4 Applications of the KKM principle to general vector
variational inclusion problems involving correspondences
The vector variational inclusion problem is considered to be a model which
unifies several other problems, for instance, vector variational inequalities,
vector optimization problems, equilibrium problems or fixed points theo-
rems. For further information on this topic, the reader is referred to the
following list of selected publications: [1], [3]-[8], [12], [15], [20], [28], [29],
[33], [34].
We report new results concerning the existence of solutions for the
general vector variational inclusion problems under new assumptions. The
methodology of the proofs relies on the applications of the KKM principle.
In this subsection, we will use a particular form of the KKM principle.
We start by presenting it here. We note that its open version is due to Kim
[15] and Shih and Tan [30].
LetX be a subset of a topological vector space and D a nonempty subset
of X such that coD ⊂ X.
16 Monica Patriche
T : D → 2X is called a KKM correspondence if coN ⊂ T (N) for each
N ∈ 〈D〉, where 〈D〉 denotes the class of all nonempty finite subsets of D.
KKM principle Let D be a set of vertices of a simplex S and T : D →
2S a correspondence with closed (respectively open) values such that
coN ⊂ T (N) for each N ⊂ D.
Then,
⋂
z∈D T (z) 6= ∅.
As application of the KKM principle, we recall the following lemma.
Lemma 4 Let X be a subset of a topological vector space, D a nonempty
subset of X such that coD ⊂ X and T : D → 2X a KKM correspondence
with closed (respectively open) values. Then {T (z)}z∈D has the finite inter-
section property.
4.1 Main results
In this subsection, we study the existence of solutions for the following
types of variational relation problems. We emphasize that the method of
application of the KKM property is new.
Let X be a nonempty subset of a topological vector space E and let Z be
a topological vector space. Let S1, S2 : X → 2X , T : X×X → 2X , F : T (X×
X)×X×X → 2Z and G : T (X×X)×X×X → 2Z be correspondences with
nonempty values. We consider the following generalized vector problems:
(IP 1): Find x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y), F (t∗, y, x∗) ⊆
G(t∗, x∗, x∗) and
(IP 2): Find x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y), F (t∗, y, x∗)∩
G(t∗, x∗, x∗) 6= ∅..
For a motivation and special cases of these considered problems, the
reader is referred to [14]. We note that this problem also generalizes the
vector equilibrium problems considered in Subsection 3.1
Now, we are establishing an existence theorem for the general vector
variational inclusion problem IP 1, by using Lemma 4.
Theorem 16 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , F : T (X × X) × X × X → 2Z and G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
i) S−11 and S
−1
2 are open-valued and for each u ∈ X, the set {x ∈ X :
∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)} is open;
ii) S1 and S2 are convex valued and for each x ∈ X, the set {u ∈ X :
∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)} is convex;
iii) the set A = {x ∈ X : there exist u ∈ S2(x) and t ∈ T (x, u) such
that F (t, u, x) * G(t, x, x)} is closed;
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iv) {x ∈ X : x ∈ S2(x)} = ∅;
v) there exists M ∈ 〈A〉 such that
⋃
u∈M [{x ∈ X : ∃t ∈ T (x, u), F (t, u, x) *
G(t, x, x)} ∩ S−12 (u) = X or
⋃
u∈M [(X\A) ∩ S
−1
1 (u)] = X.
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Proof. Let P,G : X → 2X be defined by
P (x) = {u ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)}, for each x ∈ X
and
G(x) = S2(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ S1(x∗)
and S2(x
∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A → 2X , defined by G(x) = S2(x) ∩ P (x) for
each x ∈ A, is nonempty valued on A. It is obvious that for each u ∈ X,
G−1(u) = P−1(u) ∩ S−12 (u) is a convex set as intersection of convex sets.
Further, let us define the correspondence H : X → 2X by
H(x) =
{
G(x), if x ∈ A;
S1(x), otherwise
=
{
S2(x) ∩ P (x), if x ∈ A;
S1(x), otherwise.
According to ii), H is convex valued.
For each u ∈ X,
H−1(u) = {x ∈ X : u ∈ H(x)} =
= {x ∈ A : u ∈ S2(x) ∩ P (x)} ∪ {x ∈ X \A : u ∈ S1(x)} =
= [P−1(u) ∩ S−12 (u)] ∪ [(X\A)∩ S
−1
1 (u)].
According to i) and iii), H−1 is open-valued.
If v) is satisfied, then, there exists M ∈ 〈X〉 such that
⋃
x∈M H
−1(x) =
X.
Let us define Q : X → 2X by Q(x) := X\H−1(x) for each x ∈ X.
The correspondenceQ is closed-valued and
⋂
x∈M Q(x) = X\
⋃
x∈M H
−1(x) =
∅.
According to Lemma 4, we conclude that Q is not a KKM correspon-
dence. Thus, there existsN ∈ 〈X〉 such that coN  Q(N) =
⋃
x∈N(X\H
−1(x)).
Hence, there exists x∗ ∈coN with the property that x∗ ∈ H−1(x) for
each x ∈ N, which implies N ⊂ H(x∗). It is clear that coN ⊂coH(x∗) =
H(x∗). Consequently, x∗ ∈coN ⊂coH(x∗) = H(x∗), which means that x∗ ∈
H(x∗), that is, x∗ is a fixed point for H.
We notice that, if x∗ ∈ A, then, x∗ ∈ S2(x∗) ∩ P (x∗), which contradicts
iv). Therefore, x∗ ∈ X\A and x∗ ∈ S1(x∗). Since x∗ ∈ X\A, we conclude
that S2(x
∗) ∩ P (x∗) = ∅. This shows that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Case II.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
In this case, G(x) = ∅ for each x ∈ X.
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Let us define Q : X → 2X by Q(x) := X\S1(x) for each x ∈ X. The
proof follows the same line as above and we obtain that there exists x∗ ∈ X
such that x∗ ∈ S1(x
∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case II.
Remark 7 Assumption i) can be replaced with
i’) S−11 and S
−1
2 are closed-valued and for each u ∈ X, the set {x ∈ X :
∃t ∈ T (x, u), Q(t, u, x) * G(t, x, x)} is closed.
In this case, Q is open-valued and the open version of Lemma 4 can be
applied.
Using a similar argument as in the proof of the above result, we obtain
the following theorem.
Theorem 17 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , Q : T (X × X) × X × X → 2Z and G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
i) S−11 and S
−1
2 are open-valued and for each u ∈ X, the set {x ∈ X :
∃t ∈ T (x, u), F (t, u, x) ∩G(t, x, x) = ∅} is open;
ii) S1 and S2 are convex valued and for each x ∈ X, the set {u ∈ X :
∃t ∈ T (x, u), F (t, u, x) ∩G(t, x, x) = ∅} is convex;
iii) the set A = {x ∈ X : there exist u ∈ S2(x) and t ∈ T (x, u) such
that F (t, u, x) ∩G(t, x, x) = ∅} is closed;
iv) {x ∈ X : x ∈ S2(x)} = ∅;
v) there exists M ∈ 〈A〉 such that
⋃
u∈M [{x ∈ X : ∃t ∈ T (x, u), F (t, u, x)∩
G(t, x, x) = ∅} = X or
⋃
u∈M [(X\A) ∩ S
−1
1 (u)] = X.
Then, there exists x∗ ∈ S1(x
∗) such that ∀y ∈ S2(x
∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ∩G(t∗, x∗, x∗) 6= ∅.
Proof. Let P,G : X → 2X be defined by
P (x) = {u ∈ X : ∃t ∈ T (x, u), F (t, u, x)∩G(t, x, x) = ∅}, for each x ∈ X
and
G(x) = S2(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ S1(x∗)
and S2(x
∗) ∩ P (x∗) = ∅.
The rest of the proof follows the same line as the proof of Theorem 16.
We obtain a new existence theorem of solutions for a generalized vector
variational inclusion problem.
Theorem 18 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , F : T (X × X) × X × X → 2Z and G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
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i) S−12 is open-valued and for each u ∈ X, the set {x ∈ X : ∃t ∈
T (x, u), F (t, u, x) * G(t, x, x)} is open;
ii) S2 is convex valued and for each x ∈ X, the set {u ∈ X : ∃t ∈
T (x, u), F (t, u, x) * G(t, x, x)} is convex;
iii) if A = {x ∈ X : there exist u ∈ S2(x) and t ∈ T (x, u) such that
F (t, u, x) * G(t, x, x)}, then, for each N ∈ 〈A〉, (coN rN) ∩ A = ∅;
iv) {x ∈ X : x ∈ S2(x)} = ∅;
v) there exists M ∈ 〈A〉 such that
⋃
u∈M [{x ∈ X : ∃t ∈ T (x, u), F (t, u, x) *
G(t, x, x)} ∩ S−12 (u)] = X or
⋃
u∈M [(X\A) ∩ S
−1
1 (u)] = X.
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Proof. Let P,G : X → 2X be defined by
P (x) = {u ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)}, for each x ∈ X
and
G(x) = S2(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ S1(x∗)
and S2(x
∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : P (x) ∩K(x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A → 2X , defined by G(x) = S2(x) ∩ P (x)
for each x ∈ A, is nonempty valued on A. We note that for each u ∈ X,
G−1(u) = P−1(u) ∩ S−12 (u) is a convex set since it is an intersection of
convex sets.
Further, let us define the correspondences H,L : X → 2X by
H(x) =
{
G(x), if x ∈ A;
∅, otherwise
=
{
S2(x) ∩ P (x), if x ∈ A;
∅, otherwise.
According to i) and ii), H is open convex valued.
L(x) =
{
G(x), if x ∈ A;
S1(x), otherwise.
For each u ∈ X,
H−1(u) = {x ∈ X : u ∈ H(x)} =
= {x ∈ A : u ∈ G(x)} =
= {x ∈ A : u ∈ S2(x) ∩ P (x)}
= A ∩ P−1(u) ∩ S−12 (u) =
= P−1(u) ∩ S−12 (u).
Since for each u ∈ X, S−12 (u) and P
−1(u) are open, then, H−1(u) is
open.
Assumption v) implies that there existsM ∈ 〈A〉 such that
⋃
x∈M H
−1(x) =
X.
Let us define Q : X → 2X by Q(x) := X\H−1(x) for each x ∈ X.
Then, Q is closed-valued and
⋂
x∈M Q(x) = X\
⋃
x∈M H
−1(x) = ∅.
According to Lemma 4, we can conclude that Q is not a KKM correspon-
dence. Thus, there existsN ∈ 〈X〉 such that coN  Q(N) =
⋃
x∈N(X\H
−1(x)).
20 Monica Patriche
Hence, there exists x∗ ∈coN with the property that x∗ ∈ H−1(x) for
each x ∈ N. Therefore, there exists x∗ ∈coN such that x∗ ∈ H−1(x) for each
x ∈ N, which implies N ⊂ H(x∗). Further, it is true that coN ⊂coH(x∗) ⊂
L(x∗). Consequently, x∗ ∈coN ⊂coH(x∗) ⊂ L(x∗), which means that x∗ ∈
L(x∗), that is, x∗ ∈coN is a fixed point for L.
We notice that, according to iv), x /∈ S2(x) for each x ∈ X, and then,
x∗ /∈ A. This fact is possible since x∗ ∈coN and assumption iii) asserts that
(coNrN)∩A = ∅. Therefore, x∗ ∈ S1(x∗) and G(x∗) = S2(x∗)∩P (x∗) = ∅.
Consequently, there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and ∀y ∈
S2(x
∗), ∀t∗ ∈ T (x∗, y), F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Case II.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
In this case, G(x) = ∅ for each x ∈ X.
Let us define Q : X → 2X by Q(x) := X\S1(x) for each x ∈ X. The
proof follows the same line as above and we obtain that there exists x∗ ∈ X
such that x∗ ∈ S1(x∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case II.
Remark 8 Assumption i) can be replaced with
i’) S−12 is closed-valued and for each u ∈ X, the set {x ∈ X : ∃t ∈
T (x, u), F (t, u, x) * G(t, x, x)} is closed.
In this case, Q is open-valued.
Theorem 19 can be stated as follows.
Theorem 19 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , F : T (X × X) × X × X → 2Z and G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
i) S−12 is open-valued and for each u ∈ X, the set {x ∈ X : ∃t ∈
T (x, u), F (t, u, x) ∩G(t, x, x) = ∅} is open;
ii) S2 is convex valued and for each x ∈ X, the set {u ∈ X : ∃t ∈
T (x, u), F (t, u, x) ∩G(t, x, x) = ∅} is convex;
iii) if A = {x ∈ X : there exist u ∈ S2(x) and t ∈ T (x, u) such that
F (t, u, x) ∩G(t, x, x) = ∅}, then, for each N ∈ 〈A〉, (coN rN) ∩A = ∅;
iv) {x ∈ X : x ∈ S2(x)} = ∅;
v) there exists M ∈ 〈A〉 such that
⋃
u∈M [{x ∈ X : ∃t ∈ T (x, u), F (t, u, x)∩
G(t, x, x) = ∅} ∩ S−12 (u)] = X or
⋃
u∈M [(X\A) ∩ S
−1
1 (u)] = X.
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ∩G(t∗, x∗, x∗) = ∅.
Proof. Let P,G : X → 2X be defined by
P (x) = {u ∈ X : ∃t ∈ T (x, u), F (t, u, x)∩G(t, x, x) = ∅}, for each x ∈ X
and
G(x) = S2(x) ∩ P (x), for each x ∈ X.
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We are going to show that there exists x∗ ∈ X such that x∗ ∈ S1(x∗)
and S2(x
∗) ∩ P (x∗) = ∅.
The rest of the proof follows a similar line as the proof of Theorem 18.
Theorem 20 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , F : T (X × X) × X × X → 2Zand G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
i) S2 is open-valued and for each x ∈ X, the set {u ∈ X : ∃t ∈
T (x, u), F (t, u, x) * G(t, x, x)} is open;
ii) if A = {x ∈ X : there exist u ∈ S2(x ) and t ∈ T (x , u) such that
F (t, u, x) * G(t, x, x)}, then, for each N ∈ 〈A〉, (coN rN) ∩ A = ∅;
iii) {x ∈ X : x ∈ S2(x)} = ∅;
iv) there exists M ∈ 〈A〉 such that
⋃
x∈M [{u ∈ X : ∃t ∈ T (x, u), F (t, u, x) *
G(t, x, x)} ∩ S2(x)] = X ;
v) S−12 : X → 2
X is convex valued and for each u ∈ X, the set {x ∈ X :
∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)} is convex;
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Proof. Let P,G : X → 2X be defined by
P (x) = {u ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)}, for each x ∈ X
and
G(x) = S2(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ S1(x∗)
and S2(x
∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : S2(x) ∩ P (x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A → 2X , defined by G(x) = S2(x) ∩ P (x)
for each x ∈ A, is nonempty valued on A. We note that for each u ∈ X,
G−1(u) = P−1(u) ∩ S−12 (u) is a convex set as intersection of convex sets.
Further, let us define the correspondences H,L : X → 2X by
H(x) =
{
G(x), if x ∈ A;
∅, otherwise
L(x) =
{
G(x), if x ∈ A;
S1(x), otherwise
=
{
S2(x) ∩ P (x), if x ∈ A;
S1(x), otherwise.
According to i), H is open-valued and according to v),for each u ∈ X,
P−1(u) is convex.
For each u ∈ X,
H−1(u) = {x ∈ X : u ∈ H(x)} =
= {x ∈ A : u ∈ G(x)} =
= {x ∈ A : u ∈ S2(x) ∩ P (x)}
= A ∩ P−1(u) ∩ S−12 (u) =
= P−1(u) ∩ S−12 (u).
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L−1(u) = {x ∈ X : u ∈ L(x)} =
= {x ∈ A : u ∈ G(x)} ∪ {x ∈ X \A : u ∈ S1(x)} =
= {x ∈ A : u ∈ S2(x) ∩ P (x)} ∪ {x ∈ X \A : u ∈ S1(x)}
= (A ∩ P−1(u) ∩ S−12 (u) ∪ [(X\A)∩ S
−1
1 (u)] =
= [P−1(u) ∩ S−12 (u)] ∪ [(X\A)∩ S
−1
1 (u)]
Since for each u ∈ X, S−12 (u) and P
−1(u) are convex, then, H−1(u) is
convex. Therefore, coH−1(u) ⊂ L−1(u) for each u ∈ X .
Assumption iv) implies that there existsM ∈ 〈A〉 such that
⋃
x∈M H(x) =
X.
Let us define Q : X → 2X by Q(x) := X\H(x) for each x ∈ X.
Then, Q is closed-valued and
⋂
x∈M Q(x) = X\
⋃
x∈M H(x) = ∅.
According to Lemma 4, we can conclude that Q is not a KKM correspon-
dence. Thus, there existsN ∈ 〈X〉 such that coN  Q(N) =
⋃
x∈N(X\H(x)).
Hence, there exists x∗ ∈coN with the property that x∗ ∈ H(x) for each
x ∈ N. Therefore, there exists x∗ ∈coN such that x∗ ∈ H(x) for each x ∈ N,
which implies N ⊂ H−1(x∗). Further, it is true that coN ⊂coH−1(x∗) ⊂
L−1(x∗). Consequently, x∗ ∈coN ⊂coH−1(x∗) ⊂ L−1(x∗), which means
that x∗ ∈ L(x∗), that is, x∗ ∈coN is a fixed point for L.
We notice that, according to iii), x /∈ S2(x) for each x ∈ X, and then,
x∗ /∈ A. This fact is possible since x∗ ∈coN and assumption iii) asserts that
(coNrN)∩A = ∅. Therefore, x∗ ∈ S1(x∗) and G(x∗) = S2(x∗)∩P (x∗) = ∅.
Consequently, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈
T (x∗, y), F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Case II.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
In this case, G(x) = ∅ for each x ∈ X.
Let us define Q : X → 2X by Q(x) := X\S1(x) for each x ∈ X. The
proof follows the same line as above and we obtain that there exists x∗ ∈ X
such that x∗ ∈ S1(x∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case II.
Remark 9 Assumption i) can be replaced with
i’) S2 is closed-valued and for each x ∈ X, the set {u ∈ X : ∃t ∈
T (x, u), F (t, u, x) * G(t, x, x)} is closed.
In this case, Q is open-valued.
Now, we are proving the existence of solutions for a general vector vari-
ational inclusion problem concerning correspondences under new assump-
tions.
Theorem 21 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X and F : T (X × X) × X × X → 2Z and
G : T (X × X) × X × X → 2Z be correspondences with nonempty values.
Assume that:
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i) S1, S2 are open-valued and for each (x, y) ∈ X ×X with the property
that ∃t ∈ T (x, y) such that F (t, y, x) * G(t, x, x)}, there exists z = zx,y ∈ X
such that y ∈intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y) * G(t, zx,y, zx,y)};
ii) there exists M ∈ 〈X〉 such that⋃
x∈M∩A[
⋃
{y∈S2(x), t∈T (x,y): F (t,y,x)*G(t,x,x)}(intX{u ∈ X : ∃t ∈ T (zx,y, u),
F (t, u, zx,y) * G(t, zx,y, zx,y)} ∩ S2(x)]
⋃⋃
x∈M\A S1(x) = X, where
A = {x ∈ X : there exist u ∈ S2(x), t ∈ T (x, u) such that F (t, u, x) *
G(t, x, x)};
iii) {x ∈ X : x ∈ S2(x)} = ∅;
iv) for each u ∈ X, the set Mu is convex, where
Mu = {x ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)} ∪ [(X\A) ∩ (S
−1
1 (u)];
v) for each x ∈ A,⋃
{y∈S2(x), t∈T (x,y): F (t,y,x)*G(t,x,x)}(intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y) *
G(t, zx,y, zx,y)} ⊂ {u ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)};
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Proof. Let P,G : X → 2X be defined by
P (x) = {u ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)}, for each x ∈ X
and
G(x) = S2(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ S1(x∗)
and S2(x
∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A → 2X , defined by G(x) = S2(x) ∩ P (x) for
each x ∈ A, is nonempty on A.
Further, let us define the correspondences H,L : X → 2X by
H(x) =
{
G(x), if x ∈ A;
S1(x), otherwise
and
L(x) =
{
P (x), if x ∈ A;
S1(x), otherwise
For each u ∈ X,
L−1(u) = {x ∈ X : u ∈ L(x)} =
= {x ∈ A : u ∈ P (x)} ∪ {x ∈ X \A : u ∈ S1(x)} =
= (A ∩ P−1(u)) ∪ [(X\A)∩ S−11 (u)] =
= P−1(u) ∪ [(X\A) ∩ S−11 (u)].
According to i), G is transfer open-valued. Assumptions i) and ii) imply
that there exists M ∈ 〈X〉 and for each x ∈ M and y ∈ H(x), there exists
zx,y ∈ X such that y ∈intXH(zx,y)∩H(x) and
⋃
x∈M (
⋃
y∈H(x)intXH(zx,y)) =
X . In addition, assumption v) implies
⋃
y∈H(x)intXH(zx,y) ⊆ P (x) for each
x ∈ A. We note that if x ∈ X\A, then H(x) = S1(x) is open and y ∈ H(x)
implies zx,y = x and y ∈ H(zx.y) =intH(x). In this last case it is obvious
that
⋃
y∈H(x)intXH(zx,y) =
⋃
y∈H(x)intXH(x) =
⋃
y∈H(x)H(x) = H(x).
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Let us define Q : X → 2X by Q(x) := X\
⋃
y∈H(x)intXH(zx,y) for each
x ∈ H.
Then,Q is closed-valued and
⋂
x∈M Q(x) = X\
⋃
x∈M (
⋃
y∈H(x)intXH(zx,y)) =
∅.
According to Lemma 4, we can conclude that Q is not a KKM correspon-
dence. Thus, there existsN ∈ 〈X〉 such that coN  Q(N) =
⋃
x∈N(X\
⋃
y∈H(x)intXH(zx,y)).
Hence, there exists x∗ ∈coN with the property that x∗ ∈
⋃
y∈H(x)intXH(zx,y)
for each x ∈ N. If x ∈ A,
⋃
y∈H(x)intXH(zx,y) ⊂ P (x) and if x ∈ X\A,⋃
y∈H(x)intXH(zx,y) = H(x). Therefore, there exists x
∗ ∈coN such that
x∗ ∈ L(x) for each x ∈ N, which implies N ⊂ L−1(x∗). Further, it is true
that coN ⊂coL−1(x∗) = L−1(x∗). Consequently, x∗ ∈coN ⊂coL−1(x∗) =
L−1(x∗), which means that x∗ ∈ L(x∗). We notice that, according to ii),
x /∈ S2(x) for each x ∈ X, and then, x∗ /∈ A. Therefore, x∗ ∈ S1(x∗) and
G(x∗) = S2(x
∗) ∩ P (x∗) = ∅.
Consequently, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈
T (x∗, y), F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Case II.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
In this case, G(x) = ∅ for each x ∈ X. Let us define Q : X → 2X by
Q(x) := X\S1(x) for each x ∈ X. The proof follows the same line as above
and we obtain that there exists x∗ ∈ X such that x∗ ∈ S1(x∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case II.
Now, we are establishing Theorem 22.
Theorem 22 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , F : T (X × X) × X × X → 2Z and G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
i) S1, S2 are open-valued and for each (x, y) ∈ X ×X with the property
that ∃t ∈ T (x, y) such that F (t, y, x)∩G(t, x, x) = ∅}, there exists z = zx,y ∈
X such that y ∈intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y)∩G(t, zx,y, zx,y) =
∅};
ii) there exists M ∈ 〈X〉 such that⋃
x∈M∩A[
⋃
{y∈S2(x), t∈T (x,y): F (t,y,x)*G(t,x,x)}(intX{u ∈ X : ∃t ∈ T (zx,y, u),
F (t, u, zx,y) ∩G(t, zx,y, zx,y) = ∅} ∩ S2(x)]
⋃⋃
x∈M\A S1(x) = X, where
A = {x ∈ X : there exist u ∈ S2(x), t ∈ T (x, u) such that F (t, u, x) ∩
G(t, x, x) = ∅};
iii) {x ∈ X : x ∈ S2(x)} = ∅;
iv) for each u ∈ X, the set Mu is convex, where
Mu = {x ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)}∪[(X\A)∩(S
−1
1 (u)];
v) for each x ∈ A,
⋃
y∈S2(x), ∃t∈T (x,y) such that F (t,y,x)*G(t,x,x)(intX{u ∈
X : ∃t ∈ T (zx,y, u), F (t, u, zx,y) ∩G(t, zx,y, zx,y) = ∅} ⊂
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{u ∈ X : ∃t ∈ T (x, u), F (t, u, x) ∩G(t, x, x) = ∅};
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ∩G(t∗, x∗, x∗) 6= ∅.
We establish sufficient conditions which assure the existence of solutions
for a general vector variational inclusion problem.
Theorem 23 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , F : T (X × X) × X × X → 2Z and G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
i) S1, S2 are open-valued and for each (x, y) ∈ X ×X with the property
that ∃t ∈ T (x, y) such that F (t, y, x) * G(t, x, x)}, there exists z = zx,y ∈ X
such that y ∈intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y) * G(t, zx,y, zx,y)};
ii) for each x ∈ X and t ∈ T (x, x), F (t, x, x) ⊆ G(t, x, x);
iii) if A = {x ∈ X : there exist u ∈ S2(x) and t ∈ T (x, u) such that
F (t, u, x) * G(t, x, x)}, then for each N ∈ 〈A〉, (coN rN) ∩ A = ∅;
iv) there exists M ∈ 〈A〉 such that⋃
x∈M [
⋃
y∈S2(x), ∃t∈T (x,y) such that F (t,y,x)*G(t,x,x)(intX{u ∈ X : ∃t ∈ T (zx,y, u),
F (t, u, zx,y) * G(t, zx,y, zx,y)} ∩ S2(x)] = X;
iv) for each u ∈ X, the set Mu is convex, where
Mu = {x ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)};
v) for each x ∈ A,⋃
{y∈S2(x), t∈T (x,y): F (t,y,x)*G(t,x,x)}(intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y) *
G(t, zx,y, zx,y)} ∩ S2(x) ⊂ {u ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)};
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Proof. Let P,G : X → 2X be defined by
P (x) = {u ∈ X : ∃t ∈ T (x, u), F (t, u, x) * G(t, x, x)}, for each x ∈ X
and
G(x) = S2(x) ∩ P (x), for each x ∈ X.
We are going to show that there exists x∗ ∈ X such that x∗ ∈ S1(x∗)
and S2(x
∗) ∩ P (x∗) = ∅.
We consider two cases.
Case I.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅} is nonempty.
The correspondence G : A → 2X , defined by G(x) = S2(x) ∩ P (x) for
each x ∈ A, is nonempty valued on A.
Further, let us define the correspondences H,L,M : X → 2X by
H(x) =
{
G(x), if x ∈ A;
∅, otherwise
,
M(x) =
{
P (x), if x ∈ A;
∅, otherwise
and
L(x) =
{
P (x), if x ∈ A;
S1(x), otherwise.
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For each u ∈ X,
M−1(u) = {x ∈ X : u ∈M(x)} =
= {x ∈ A : u ∈ P (x)} =
= A ∩ P−1(u) =
= P−1(u) =Mu.
L−1(u) = {x ∈ X : u ∈ L(x)} =
= {x ∈ A : u ∈ P (x)} ∪ {x ∈ X \A : u ∈ S1(x)} =
= (A ∩ P−1(u)) ∪ [(X\A)∩ (S−11 (u)] =
= P−1(u) ∪ [(X\A) ∩ (S−11 (u)].
According to assumption iv), P−1(u) is convex for each u ∈ X . Then,
coM−1(u) =
=coP−1(u) = P−1(u) ⊂ L−1(u) for each u ∈ X.
According to i), G is transfer open-valued. Assumptions i) and iii) im-
ply that there existsM ∈ 〈A〉 and for each x ∈M and y ∈ H(x), there exists
zx,y ∈ X such that y ∈intXH(zx,y)∩H(x) and
⋃
x∈M (
⋃
y∈H(x)intXH(zx,y)) =
X . In addition, assumption vi) implies
⋃
y∈H(x)intXH(zx,y) ⊆ P (x) for each
x ∈ A.
Let us define Q : X → 2X by Q(x) := X\
⋃
y∈H(x)intXH(zx,y) for each
x ∈ X.
Then,Q is closed-valued and
⋂
x∈M Q(x) = X\
⋃
x∈M (
⋃
y∈H(x)intXH(zx,y)) =
∅, where M ⊂ A.
According to Lemma 4, we conclude that Q is not a KKM correspon-
dence. Thus, there existsN ∈ 〈A〉 such that coN  Q(N) =
⋃
x∈N (X\
⋃
y∈H(x)intXH(zx,y)).
Hence, there exists x∗ ∈coN with the property that x∗ ∈
⋃
y∈H(x)intXH(zx,y) ⊂
M(x) for each x ∈ N. Therefore, there exists x∗ ∈coN such that x∗ ∈M(x)
for each x ∈ N, which implies N ⊂ M−1(x∗). Further, it is true that
coN ⊂coM−1(x∗) ⊂ L−1(x∗). Consequently, x∗ ∈coN ⊂coM−1(x∗) ⊂
L−1(x∗), which means that x∗ ∈ L(x∗). We notice that, according to ii),
x /∈ P (x) for each x ∈ X, and then, x∗ /∈ A. This fact is possible since
x∗ ∈coN and assumption iii) asserts that (coN r N) ∩ A = ∅. Therefore,
x∗ ∈ S1(x∗) and G(x∗) = S2(x∗) ∩ P (x∗) = ∅.
Consequently, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈
T (x∗, y), F (t∗, y, x∗) ⊆ G(t∗, x∗, x∗).
Case II.
A = {x ∈ X : P (x) ∩ S2(x) 6= ∅} = {x ∈ X : G(x) 6= ∅}=∅.
In this case, G(x) = ∅ for each x ∈ X. Let us define Q : X → 2X by
Q(x) := X\S1(x) for each x ∈ X. The proof follows the same line as above
and we obtain that there exists x∗ ∈ X such that x∗ ∈ S1(x∗).
Obviously, G(x∗) = ∅. Consequently, the conclusion holds in Case II.
The next result can be obtained similarly as Theorem 23.
Theorem 24 Let Z be a Hausdorff topological vector space and let X be a
nonempty compact convex subset of a topological vector space E. Let S1, S2 :
X → 2X , T : X × X → 2X , F : T (X × X) × X × X → 2Z and G :
T (X×X)×X×X → 2Z be correspondences with nonempty values. Assume
that:
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i) S1, S2 are open-valued and for each (x, y) ∈ X × X with the prop-
erty that ∃t ∈ T (x, y) such that F (t, y, x) ∩ G(t, x, x)} = ∅, there exists
z = zx,y ∈ X such that y ∈intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y) ∩
G(t, zx,y, zx,y)} = ∅;
ii) for each x ∈ X and t ∈ T (x, x), F (t, x, x) ⊆ G(t, x, x);
iii) if A = {x ∈ X : there exist u ∈ S2(x) and t ∈ T (x, u) such that
F (t, u, x) ∩G(t, x, x) = ∅}, then for each N ∈ 〈A〉, (coN rN) ∩ A = ∅;
iv) there exists M ∈ 〈A〉 such that⋃
x∈M [
⋃
{y∈S2(x), t∈T (x,y): F (t,y,x)*G(t,x,x)}(intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y)∩
G(t, zx,y, zx,y) = ∅} ∩ S2(x)] = X;
iv) for each u ∈ X, the set {x ∈ X : ∃t ∈ T (x, u), F (t, u, x)∩G(t, x, x) =
∅} is convex ;
v) for each x ∈ A,⋃
{y∈S2(x), t∈T (x,y): F (t,y,x)*G(t,x,x)}(intX{u ∈ X : ∃t ∈ T (zx,y, u), F (t, u, zx,y)∩
G(t, zx,y, zx,y) = ∅}∩S2(x) ⊂ {u ∈ X : ∃t ∈ T (x, u), F (t, u, x)∩G(t, x, x) =
∅};
Then, there exists x∗ ∈ S1(x∗) such that ∀y ∈ S2(x∗), ∀t∗ ∈ T (x∗, y),
F (t∗, y, x∗) ∩G(t∗, x∗, x∗) 6= ∅.:
5 Concluding remarks
In this paper, we have introduced T -properly quasi-convex correspondences
and T -properly quasi-convex sets. We have given some examples, as well. We
have used these notions to obtain coincidence-like theorems, to solve vector
equilibrium problems and to establish a generalized minimax inequality,
which is new in literature. We have also proved the existence of solutions
for vector variational inclusion problems, by applying the KKM principle.
Our research extends on some results which exist in literature. This study
can be continued by considering abstract convex spaces and generalized
KKM theorems.
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